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Suppose we push() 1, 2, 3,4 onto a Stack (in that
order), calling pop () at various points during and

after this.

In which of the following orders could the elements
not have been pop()ped?

4,3,2,1 (A) 1,2,3,4 (B) 2,1,4,3 (C)

1,3,2,4 (D) 3,2,4,1 (E) 3,1,4,2 F)
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Today's Learning Outcomes

60. Identify parent, child, root, leaf, ancestor, and descendent nodes
in a tree.

61. Given a tree, identify its size and height along with the depth and
arity of its nodes.

62. Write recursive methods on general and binary trees.

63. Given an image of a binary tree, write out the pre-order, in-order,
and post-order traversals of its nodes, and vice versa.

64. Implement iterators on trees.
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Visualizing a Tree

A tree is a linked data structure with nodes arranged in a branching structure.
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Subtrees

The subtree rooted at a node v consists of v and all other nodes reachable
by following connections out of v.

Node u iS an aacesor of node V
(6‘1,‘4:\’- Vv { a desmndq.fi of li.)

i v be\oﬂyg to  {ue sulbtree
fOO']'ed q{' u.

£ ¢ aa aacestor of 3,“;" (a~d £)
W is a descendaqt of H,F,q (avd h)

hoo... ceems ke recarsion i coming
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Which of the following statements is not necessarily
true about nodes u, v, and win a tree?

. , ]
If u is an ancestor of v and v is an ancestor of w, Trae

then u is an ancestor of w. ‘\'rnqs'lh‘li"'y

(A)

. . True W'Y
If uis an ancestor of w and v is an ancestorofw, ., age 1§ (B)

then either u is an ancestor of v or v is an ancestor of u.a li-ked (.5,

If u is an ancestor of v and u is an ancestor of w, False @g@
then either v is an ancestor of w or w is an ancestor of v. E@ @



Measuring Trees

The size of a tree is the number of nodes that it contains.

Different branching structures allow for many trees with the same size.
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Binary Tree Representation

First Idea: Model as a de-centralized linked structure with an auxiliary Node
class, this time with two pointers to its child nodes.

public class LinkedBinaryTree<T> {

private static class Node<T> {

T data; // The element stored in this tree node

Node<T> left; // The left child of this node

Node<T> right; // The right child of this node
// Node constructor

} ¢ H')ble {"Oh

Node resc¢

g ¢t were
private Node<T> root; // The root node of this tree
// LinkedBinaryTree methods

h

\
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The Recursive View of Trees

A BinaryTree consists of the element atits root, plus two (possibly null)
references to its left and right subtrees.
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2 Coding Demo: BinaryTree class &

Key Ideas:
 protected visibility
 abstract left() and right() methods (as opposed to fields)

* Nested constructor calls to build ImmutableBinaryTrees
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Recursive Methods on Trees

Big Idea: Combine the answers from the 1left() andright() subtrees

(along with the root) to get the answer for the whole tree.
O(N) time  (size)

O(H) Space (LeiJM-)

BinaryTree. java

/** Returns the number of nodes in this tree. */ }ZQ
public int size() {

Size = ||

Be careful about null children!

refurn | +
(left() ==null? O leFt().gize ) +
(r.’jhf()::m—.ll? O . rijhfl)-Si‘Zc()) cive
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What values should we fill in for x and y in this definition?
heij"ﬂ':b,

BinaryTree. java h633“+

/** Returns the height of this tree. x/ —
public in height() {

return

X

+ Math.max(

left() == null ?

BAL

right() == null ?

y

)r
¥ X=

left().height(),

: right().height()

: roof adds Aaofher leve|

7

y:

-|. tree of ore wode \yas Mevh+ o




Exercise:

Work with your neighbors to complete the definition of this method.

BinaryTree. java

/** Returns the number of leaves in this binary tree. x/
public int numLeaves() { . —— this i5 a leaf
if (1eft()==nuil 22 riohf()::vm”) § cetuen |3

ceturn  (leff()=2mall 20 ° 1eFt0) . numleaves())
+ (f'ij"'H)== wyll ¢ O] r';j"'f()"’"""" Leaves ()))'
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Tree Traversals

When we traverse a tree, we "visit" each of its nodes once in some
systematic order.

For branching (non-linear) structures, this order becomes non-obvious...
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Pre-Order Traversal

Visiting the root happens before traversing the subtrees.

1. Visit the root e

2. Pre-order traverse the left subtree e e

& 1®)\@
A G

right

3. Pre-order traverse the right subtree
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In an In-Order Traversal, we:
1. In-order traverse the left subtree

2. Visitthe root node e
3. In-order traverse the right subtree
ACF
Which is the in-order traversal of this tree? @
ABDEGCF X (A) DGBEACF (C)

DBEGACF (B) DBGEACF
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In a Post-Order Traversal, we:
1. Post-order traverse the left subtree e
2. Post-order traverse the right subtree

3. Visit the root node e e
A ©

Write out the post-order traversal of this tree.



Binary Tree lterators

We can develop inner Iterator classesfor BinaryTree thatyield its
elements in each of the three traversal orders.

We'll need to introduce field to the iterator to track the "traversal state"
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&2 Coding Demo: Pre-Order Iterator &
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Designhing an In-Order Iterator

New Challenge: Need to "drill down" to locate the first node to return (etc.)
Fiest vode Yo refum = 4 (”'e‘”"‘""o‘*’” noJe)

Idea. Ueep Fo”o—div lett () ra:n}efs Gakil
we (each wode wifbont on&.
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& Coding Demo: In-Order Iterator =
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